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COULOMB’S LAW AND ELECTRIC FIELD INTENSITY
AN Jlaall Badig gl sS () il

1. The Experimental Law of Coulomb

Coulomb stated that “The force between two very small objects separated in a vacuum
or free space by a distance which is large compared to their size is proportional to the charge

on each and inversely proportional to the square of the distance between them”.
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Where:
F: Force in newton (N),
Q1 and Q; are the positive or negative quantities of charge in Coulomb(C),
R: is the separation in meters (m)

g IS called the permittivity of free space and has the magnitude, measured in farads per

meter (F/m)

g, =—10"2=8.854%x 10712  F/m
361l

The coulomb is an extremely large unit of charge, for the smallest known quantity of
charge is that of the electron (negative) or proton (positive), given in mks units as 1.602 x 10™

C; hence a negative charge of one coulomb represents about 6 x 10*® electrons.
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If point charges Q; and Q; are located at points having position vector r; and ry, then the

vector force F12 on Q; duo to Q4, shown in Figure 2.1, is given by

Q:1Q; F,

F=—a }
4rey|R|? TRz Rp=ry -1 /

If Q1 located at (Xo, Yo, o) and Q; at (X1, Y1, Z1), then

1_3)12 = (%1 —xp)ay + (y; — )’o)ay + (21 — zp)a,

|ﬁ12| = \/(x1 —x0)% + (1 — Yo)? + (21 — 20)?

§12 _ (x1 — x0)ay + (¥y1 — ¥o)ay + (21 — 2p)a,
|R12| V0 —x0)2 + (71 — ¥0)? + (21 — 2)?

ag,, =

010,

=——a
2 4meg|Ry2|? R1z

_ Q10 (x1 — xp)ay + (y1 — yo)ay + (21 — zp)a,
dmreg[(oxy — x0)? + (y1 — Yo)* + (21 — 20)?] VO —x0)% + (71 — ¥0)? + (71 — 20)?

_ Q1Q2[(x1 — xo)ay + (y; — yo)ay + (z; — Zo)az]

F, 3
dreg[(xg — x0)% + (V1 — Y0)? + (21 — 2p)?]2
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Example: Find the force on Q; (20uC) duo to charge Q, (-300uC), where Q; located at (0, 1, 2)
and Q; at (2, 0, 0)?

Solution:
Ry1 = (0—2)a, + (1 —0)a, + (2 - 0)a, "
F
]
0,1,2)
Ry
Ry, = —2a, +a, + 2a,
—- y
2,

|§21|=m=3 x‘/Ez,O’O)

Q10 20X 1076 x (—300) X 10~6 —2a, + a, +2a,

S = X
4me, |Ryy|? Rt T T 47 x 8.85 x 10-12|3|2 3

F =4a, —2a, —4a,

IF| =42 +22+42=6N

2. The Electric Field Intensity (E) (Fhgsd) Jlaal) 5ad)

If we now consider one charge fixed in position, say Q;, and move a second charge slowly
around, we note that there exists everywhere a force on this second charge; in other words, this
second charge is displaying the existence of a force field. Call this second charge a test charge

Qt. The force on it is given by Coulomb's law,

Q1Q:

=—-—a
7 4meg|Ry|? T
Writing this force as a force per unit charge gives

F__
Q¢ 4meg|Ry.|? Rag

()
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The quantity on the right side of (*) is a function only of Q, and the directed line segment
from Q; to the position of the test charge. This describes a vector field and is called the electric

field intensity.

Using a capital letter E for electric field intensity, we have finally

Fy
EF=—
Q¢
= Q1
=—=_a2a
41eg|R|? R

Where E is electric field intensity measured in v/m

Let us arbitrarily locate Q; at the center of a spherical coordinate system. The unit vector

ar then becomes the radial unit vector a;, and R is r. Hence

Q1

E=—<
4mey|r|?

ar

Example: Find the electric field intensity (E) at (0, 2, 3) due to a point charge Q (0.4uC) located
at (2,0, 4)?

Solution:

R=(0-2)a,+(2-0)a, +(3—4)a,

R = —2a, +2a, —a,

IRl =+22+22+12=3

£ Q = 0.4x 10°° g —2a, + 2a, —a,
4me,|R|? "R T 4m x 8.85 x 10-12|3]>2 3

E = —266.4a, + 266.4a, — 133.2a,

|E| = /266.42 + 266.4% + 133.22 = 399.6 V/m
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3. Field of n Point Charge

Since the coulomb forces are linear, the electric field intensity due to n point charges, Q; at

r., Q2 atr,and Q, at r, is the sum of the forces on Q; caused by Q; and Q; acting alone, or
E)=E)1+E)2+"'+E>n

Q1 Q> Qn

=—— —ap +————ap ++——"——a
4mey|R,|? Ry 41ey|R,|? R 4mey|R,|? Rn

Example: A charge of -0.3uC is located at (25, -30, 15) (in cm), and a second charge of 0.5uC is
at (-10, 8, 12) cm. Find E at: (a) the origin; (b) (15, 20, 50) cm

Solution:
(a) E = El + EZ

Q1

E, =——
! 4meg|Ry |2 IR
the point must be in meter (25,—30,15)in Cm = (0.25,—0.3,0.15)inm
(=10,8,12)in Cm = (—0.1,0.08,0.12)in m

R; = —-0.25a,+0.3a,—0.15a,

R, =+/0.252 4+ 0.32 + 0.152 = 0.418

E —0.3x107 —0.25 a,+0.3a,—0.15a,
= *
17 47 % 8.85 x 10~12 x (0.418)2 0.418

E; = 9233.77a,—11080.52a,,+5540.26a,

Q>
E,=—2
2 4'77:80 |R2 |2 aRZ

R, = 0.1a,—0.08a,—0.12a,
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0.5x 107°

0.1a,—0.08a,,—0.12a,

b = <88 x 102 x (0.175)2

E, = 83888.55 a,—67110.8 a,—100666.26 a,

0.175

E = E, + E, = 93122.3 a,—78190.52 a,—95126 a,

~ E = (39.12a,—78.19a,—95.12a,) KV /m

(b)

E at(15,20,50)Cm? - (0.15,0.2,0.5)m

R, = (0.15 — 0.25)a, + (0.2 — (=0.3))a,+(0.5 — 0.15)a,
~ Ry = —0.1a,+0.5a,+0.35a,
IR,| = 0.618

R, = (0.15 — (—0.1))a, + (0.2 — 0.08)a,+(0.5 — 0.12)a,

R, = 0.25a,+0.12a,,+0.38a,

IR,| = 0.47

E=E+E, = 4ng; R om %;?Zza&

_ 107° [ —-0.3 *—0.1ax+0.5ay+0.35az 0.5 o O.25ax+0.1Zay+0.38aZ]
4me, 1(0.618)2 0.618 (0.47)2 0.47

10-6

~E= [0.127a,—0.635a,—0.44a,+1.2a,+0.577a,+1.83a,]

4'77:80

E =119a,—0.52a,+12.4a, KV/m
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4. Field Due to a Continuous Volume Charge Distribution

If we now visualize a region of space filled with a great number of charges separated by
minute distances, we see that we can replace this distribution of very small particles with a

smooth continuous distribution described by a volume charge density (p,, ) C/m3 :

et Ll ¢ Jaa 3 e il Lpans (o Aliadiall s Bl (e Jila 2323 B2 glan 181 (e Alata U ) gaca 13)
mm%m&u‘aﬁu&\ejy\haﬁm&we)ﬂ\ faa Ja

The total charge within some finite volume is obtained by integrating throughout that

volume,

Q= py Av

vol

i _j pydv
), 4me,R2 R

Example: Calculate the total charge within each of the indicate volumes:

@ 01<x,y,z<0.2 Py = x31y3

(b) 0<p<01, 0<@P<m,2<z<4 ; Py = p?z%sin 0.60
(c) Universe ) Py = e_zr/rz

Solution:

(a)

1
0= potv=[|[ s dvdyaz
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) 0.2
Q=ffﬁdydz* f
0.1

0.2
1
x‘%ix‘ = ffﬁdydz* [J x‘3dx]
0.1

0.2
" [ﬁ]m[h] [2(02)2 2(01)2”2(02)2 2(01)2](02 1)
Q =140.6C
(b)

1
p?z%sin(0.60)p dpdzd®

O\o

Q=fpvdv=ff
0 2

1

4 0. bis 4701
f f p322 sin(0.60) dpdzd® = f f l%l 22 sin(0.69) dzd®
2 0 0 2 0

Q
O‘S:l

T 4 T 3 4
= 25% 10" 6szz sin(0.60) dzd® = 25 x 10_6J l%l sin(0.6@)d¢
0 2 0 2

43 23 -1 &
=25x10° [? = ?l j sin(0.60) d@ = 466.66 [ﬁ cos(0.6(25)] = 466.66 X 107[2.1816]
o 0

»Q =1.018mC
(c)
27T T O _or
e
Q:fpvdv=f ff = .12sin 8 drd6d®
0 0 O
-1 @ -1 1
— | ,-2r _ T 2t _ |~ ,—o© —,0
_[2 : ]O [ cos 6]%[2]2 _[2 e+ e ][1+1][2n]

Q= [0+] 1[27] = 6.28C
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5. Field of a Line Charge

If we now consider a filament like distribution of volume charge density, such as a very
fine, sharp beam in a cathode-ray tube or a charged conductor of very small radius, we find it

convenient to treat the charge as a line charge of density p; C/m.
oo 2SS Aadl A3gn) 8 5S e s lan A8y Las Jie oL a8 A o diaaa Lald DEES U yde) 1)
Py, C/m A (53 Aandi Jads Ain i) Alalae anliall Gl 431 205 Lild ¢ jpall 3uadi oyl Caial (IS 131 U sadie Da 50

Let us assume a straight line charge extending along the z axis from -oo to oo, as shown in
Figure. We desire the electric field intensity E at any and every point resulting from a uniform

line charge density p,,

A
Q= f,DL dL (0,9,2)
- pLdL \ \
47T£0R k\(p, @, k)
dL = dz P
E
R=(p—0)a, + (k—2)a, =pa, + (k—2)a, Y
R =p?+ (k — z)?
f pLdL f pLdz pa, + (k — z)a,
= —_—p = *
meolRET ) e (JP F —p7). PP o)

7 f P 3 dzap+f o7 5~ dz a,
meo | ) [p? + (k=222 o o7+ (20— 2?72

Letu=k—z swdu=—dz
U, =k —00 =-00

U, =k+o00 =0

E = P f P s-dua, + f%duaz
4me, T (pr+u?) /2 (p2 + u2)’/2
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p
* f 5-dua,
J P +ur)2
u
Let u=p tanx ,du = psec’xdx x= tan_IE
T -7
X1 = tan " loo = E ,y X = tan_l(—oo) = 7
-1 [
—co 2 2
2 P 2
f / f /psec xdx=j ey sec”x dx
(p? + uz) 2 % (p? +p2tan x) /2 (p2(1 + tanzx)) 2
2
- - —n
2 2 2
2 dx
=f —————sec’x dx =f ————sec’x dxzf
] (p2sec?x) /2 J pisecix J psecx
2 2 2

—TT

2
1 1
—f cosxdx =—]|
p

T
2

— 00

*l(

p? + u2)3/2

u

— 00

-1

1 (p*+ud)7

2 -1
2

— a, +

if aline charge is located at (xg,yo)

nal? =2 (-1—1) = =
sinx —-(-1-1)=—a
7 P p 7’

— 00

du—j(p +u?) 2 udu=-= J(p +u2)22udu

-1 1

[00]

1 -1 "
= X2|—=| =—=+—=0+0=0
2 L/p2 + uZL Voo oo
_ bL
0] " Ameyp e
S xa, + ya
in cylindrical or E = AL x Ty in Cartesian
2me, (x%2 +y?)
E= pr (x —xp)a, + (¥ — yo)ay,
2me, ((x—x0)* + (¥ — ¥0)%)
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Example: A uniform line charge of 16nC/m is located along the z-axis: (a) find E at P(1, 2, 3)
(b) Q(1,2,7)?

Solution:
(a)
_ PL 4
Amegp P
p=\/x2+y2=\/12+22=\/§
16 X107 128.62a, V/
= d, = . a m
47 X 8.85 x 10712 x /5 P

pL Xayt+ya, 16 x 10~° ay + 2a,
2me, (x2 +y2)  2m x 8.85 x 10712 (12 + 22)

in Cartesian E = = 57.54a, + 115a,

(b) p=\/x2+y2=\/12+22=\/§
16 x 1072
E = a,
41 X 8.85 X 10~12 x /5

=128.62a, V/m

Example: Two uniform line charges of p; = 5nC/m each are parallel to the x axis, one at z = 0,
y =-2mand the otheratz=0, y=4m. Find E at (4, 1, 3) m?

Solution:
E=E +E, -
A
o W —yo)ay + (2 — zp)a,
b 2me, (7 — y0)? + (z — 20)?) £
2
5 5x107°  (1-(-2))a, + (3 —0)a, X JEi
17 2 x885x 10712 (1—(=2)2+ (3—0)2) -@L3)
-9 -1 N
E, = 5x10 _ 3a, + 3a, (x,-2,00 - (x,4,0)
2m X 8.85x 10712 18 > >y
£ = 5% 107° (1-4)a, +(3—-0)a,
27 2 x8.85x 10712 ((1—4)2 + (3-0)?)
5x107° —3a, + 3a, 3

E, =
1™ 21 x 8.85 x 10-12 18
5x107° 3a,

E=E +E, =2
1t by = e 885 x 10-12 18

30a,
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6. Field of a Sheet Charge

Another basic charge configuration is the infinite sheet of charge having a uniform density
of ps C/m? Such a charge distribution may often be used to approximate that found on the
conductors of a strip transmission line or a parallel-plate capacitor. Where static charge resides
on conductor surfaces and not in their interiors; for this reason, pgsis commonly known as

surface charge density.

8 Laall gl 1 ey clindll A1 il JS5 s ¢ pg C/m? Aakitia) BUESH 3 cdinal e )
C.Lu.n\ O gt Al A3l o) Cus | Guol il e sl Lﬁb A ‘_Ax: dga gall Sy CyoEl | S A
Aol A ) A, e iyt g (o ) 13y Lelils 3 Gl s 3Um sl

Consider an infinite sheet charge in the xy-plane with uniform density ps. The charge

associated with elemental area dS is

=
Q= fps ds )
\0 (0; @I h)

= Ps ds \\\
E=| =—a \

f 4me,R2 R \
ds = p dpd® Ps “Ene

[

R = —pa, + ha, IRl =yp*+h? (p,©,0)

21

|

J ps pdpd®  —pa, + ha,

ameo(JpZ T h2). P2+ 12

p=0
_ hps j J pdpd® .
- 3 zZ
477.'800 h2)2
o hps f pdp .
4, 377
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hps 1{ -2 r
230 2 /pZ + hZ o
_hps [ 2
480

\/0+h2

Where ay is a unit vector normal to the sheet

Example: Three infinite uniform sheets of charge are located in free space as follows: 3nC/ m? at
z=-4,6nC/m?atz =1, and - 8nC/m? at z = 4. Find E at the point: (a) Pa(2, 5, -5); (b)
Ps(4, 2, -3); () Pc(-1, -5, 2); (d) Pp(-2, 4, 5)?

Solution:
a7 b TZ ® P(-2.4,5)
Becuse the infinite sheet charge the E = E= &aN |
2 o Ps3 = —8n
£ —3n 6n Bn] EelEla v
= |—— — —_— = — . -1 -5-3)@
T 7 12ey 280 26 a, V/m Pd-1,-5,-3)
1 Ps2= 6n
b- at pg
P 282.32,V/ "y
=|l————+—|a, = 3a,V/m
280 2g 28177 z S,

C- atpc 4 Ps 7/
8n

E = [ ]a = 960.45a, V/m
280 280 280 / [ ] PA(Z,S, -5)
v
d— atpg
3n 6n 8n
E=|—+-———|a,=56.5a,V/m

280 280 280

30



DATE / /2013 Electrostatic Fields Lecturer: Mohammed Kamil Salh

Example: The finite sheet 0 <x <1,0<y <1 on the z=0 plane has a charge density

ps = xy(x% + y? + 25)z nC/m? Find:

a- Theelectric field (E) at (0, 0, 5)?
b- The force experienced by a -1 mC charge located at (0, 0, 5)?

Solution:
>
E
E _.f ps ds a '
N 47T€0R2 R S (0'0,5)
ds = dxdy \\
\\
R = —xa, — ya, + 5a, \
\\ 1

— [y2 2 - >y
IR| = /x2 + y2 + 25 —_— /

11 3
£ J’fxy(xz + y? 4+ 25)2dxdy —xa, —ya, + 5a, /
2

5 o Ameg(y/x? + y? + 25) Vx?+y?+25

11 3

1 x 107° xy(x? + y? + 25)2 dxdy
f f (—xax —ya, + SaZ)
00

3
Ameo (x% + y? + 25)2

1
_1x107° =9
nydxdy (—xa, — ya, + 5a,)
0

ORH

11

[ 11 11
—1X10_9 ffzdd ff 2dxd +5ff dxd
= e, x*ydxdy a, xy“dxdy a,, xydxdy a,
[ 00 00 00

4, 3| (2| =2 32722 2] *

| 0 0 0 0 0 0
p_lx10°r 11 11 (11 _1><10—9[ 11 .5 ]
T T ame, | 32723 T02% | T Tane, |6 T 6 T4

E = —1.5a, — 1.5a,, + 11.23a,

(b) F = QE = —1x 107°(—1.5a, — 1.5a, + 11.23a,)
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Example: A uniform sheet charge withp, = 1/3m nC/m? is located at z = 5 m and a uniform line
charge with p; = =25/9nC/matz =-3m, y =3m. Find E at (x, -1, 0)m.?

Solution:

E:E1+E2

E; due to a surface charge T

E, due to a line charge

3 |-
Ps Y
E, =—
1 ZSOaN

1/3m) x 1072 -3
_(/3m (—a) = —6a, 4

2¢,

pr (v —Yo)ay + (z — zp)a,

b2 = e, (G =02 + G—200D)
£ - (=25/9) x 107 (=1-3)a, + (0 — (=3))a,
2 2me, (-1-3)2+(0—(-3)?)
£ - (—25/9) x 10~° —4a,, + 3a,
2T 21e, 16 + 9
E, = 8a, — 6a,

Er = —6a, + 8a, — 6a, = 8a, — 12a,
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Home work

Qi1: Let a point charge Q1 = 25 nC be located at P1(4, -2, 7) and a charge Q, = 60 nC be at
P2(-3, 4, -2). (a) Find E at P(1, 2, 3). (b) At what point on the y-axis is Ex = 0?

Q2: A circular ring of radius a carries a charge Q C and is placed on the xy-plane, find electric
field E at (0, 0, h)

dE d E:
av/s
dE

]

h R

dl

-8
Qs:  The circular disk r < 2m in the z = 0 plane has a charge density p; = 1% Determine the

r

electric field E at the point (0, 0, h)?

Qs:  Two infinite sheets of uniform charge density p, = 10°/6m C/m? are located at z = -5 m
and y = - 5 m. Determine the uniform line charge density p. necessary to produce the same

value of E at (4,2,2) m, if the line charge is located at z=0, y=0.
Ans. 0.667 nC/m

-8
Qs: A uniform line charge of p, = V2 x % C/m lies along the x axis and a uniform sheet of

charge is located at y =5 m. Along the line y = 3 m, z = 3 m the electric field E has only a,

component. What is pg for the sheet?

Ans. 125 pC/m?
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